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ABSTRACT

Let X be a complex Banach space and let T' be a bounded linear operator
on X. Denote by o,(T) the point spectrum of T" and by T the unit circle.
We investigate how the growth of the sequence ||T"|| is influenced by the
size of the set g,(T) N'T and by the geometry of the space X. We also
prove analogous results for Co-semigroups (Tt)¢>0-

1. Introduction and statement of results

Let T be a bounded linear operator on a complex Banach space X. We write
ap(T) for the point spectrum of T (i.e., the set of eigenvalues of T'), and T for
the unit circle. Evidently,

HMNT#A) = [T>1 (n>1).
It turns out that, for certain spaces X,
op(T)NT ‘large’ = ||T"|| ‘grows’.

The purpose of this article is to explore this phenomenon.

Our starting point is a theorem of Jamison [7] to the effect that, if X is
separable and T is power-bounded, then ¢,(T) N T is countable. This result is
optimal in at least two senses: 0,(T) N T may be any countable set (consider
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a unitary diagonal operator on ¢2), and one cannot drop the assumption that
X be separable (consider a unitary diagonal operator on ¢2(A), where A is
uncountable).

However, there is also a sense in which Jamison’s theorem may be improved.
Turning it on its head, it says that, if X is separable and o,(T)NT is uncountable,
then sup,,~; [|T™|| = co. This conclusion can be strengthened.

We say that a set Z of positive integers is of density zero if

card(ZN[1,n])/n >0 asn — oco.

THEOREM 1.1: Let X be a separable Banach space, and let T be an operator
on X such that o,(T) NT is uncountable. Then there exists a set Z of positive
integers of density zero such that

lim ||T"|] = oo.

n—oo
ngz

Must the whole sequence ||T™]| — c0? We suspect not, though unfortunately
we have no example (but see the remark at the end of §3). The next result
sheds some further light on this question.

A finite Borel measure y on T is called a Rajchman measure if its Fourier
coefficients satisfy lim,| fi(n) = 0. A subset E of T is said to be a set of
extended uniqueness if pu(E) = 0 for every positive Rajchman measure y.
For more on these concepts, see [12] for example.

THEOREM 1.2: Let X be a separable Banach space, and let T' be an operator on
X such that ||T™]| /4 0o as n = co. Then the subgroup generated by o,(T)N'T
is a set of extended uniqueness.

Since Lebesgue measure is a Rajchman measure, we immediately obtain the
following corollary.

COROLLARY 1.3: Assume that X is separable and that o,(T) N'T has positive
Lebesgue measure. Then [|T"|| — 00 as n — o0. 1

Here is a further consequence.
COROLLARY 1.4: Assume that X is separable and that o,(T) N'T is of second

Baire category in T. Then ||T"|| = 0o as n = oo.

Proof:  Since ,(T) N'T is an analytic set (see §2 below), it has the Baire
property [11, Theorem 21.6]. Hence, if it is also of second Baire category in T,
then, by Pettis’ lemma [11, Theorem 9.9], the subgroup it generates contains a
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neighbourhood of the identity and thus equals the whole of T. The result now
follows from Theorem 1.2 |

In view of these corollaries, one might suspect that, by assuming even more
about ¢,(T) N'T, one could draw a stronger conclusion about the growth of
[|T™]. In fact, this is false. Even if 6,(T) N T is the whole unit circle, ||T™|| can
tend to infinity arbitrarily slowly.

Example 1.5: Given a sequence (yn)p>1 such that v, > 1 for all n and
lim,_, v, = 00, there exists an operator T on ¢y such that o,(T)NT =T
and ||T"|| < v, for all n.

Thus, to be able say more about the growth of ||T™||, we need to assume more
about the geometry of X. To this end, we recall some terminology.
Given a Bochner-integrable function f: T — X, we define its Fourier coeffi-

cients by
1 27

Fy=— [ f(e®)e™dd (ne)

2w Jo
Then £+ f is a bounded linear map from L!(T, X) to £°(Z, X).

Let 1 < p < 2and1/p+1/¢ = 1. The Banach space X is said to be of
Fourier type pif f — fis a bounded linear map from L?(T, X) into £¢(Z, X).
For example, X is of Fourier type p if X = L? or LY. Also, X is of Fourier
type 2 if and only if it is isomorphic to a Hilbert space, and X is of Fourier type
> 1 if and only if it is of (Rademacher) type > 1. For more information on this
subject, see [5] for example.

The following result is a generalization of a theorem of Nikolski about Hilbert
spaces [14, p. 239].

THEOREM 1.6: Let 1 <p<2andl/p+1/g=1. Let X be a separable Banach
space of Fourier type p, and let T be an operator on X such that o,(T)NT is
of positive Lebesgue measure. Then

ST < 0.
n>1
If1 <p<2and1/p+1/g=1,then £ is of Fourier type p. Thus the following

example shows that the conclusion of Theorem 1.6 cannot be strengthened.

Example 1.7: Given ¢ > 1 and a sequence (v,)n>1 such that v, > 1 for all n
and ), 7,7 < 00, there exists an operator T on ¢? such that o,(T)NT =T
and ||T™|| < yp, for all n.

Moreover, the hypothesis of positive Lebesgue measure cannot be weakened.
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Example 1.8: Given a closed subset E of T of zero Lebesgue measure, there
exists an operator T on ¢* such that o,(T)NT=FE and 3,5, IT"||7% = cc.

It is however possible to say more about the case when 0,(T) N T has
Lebesgue measure zero, by appealing to the theory of capacities as developed
in [8, Chapter II1]. We briefly recall the definitions.

A kernel is a non-negative, integrable, even function ®: T — R which is con-
vex on (0,2m). It can be shown that, if ® is a kernel, then its Fourier coefficients
satisfy ®(n) > 0 for all n € Z (see [8, p. 32, Proposition 2]). Examples of kernels
include the logarithmic kernel ®q(¢) = log|1/sin(¢/2)| and the kernels of order
« defined by ®,(¢t) = 1/|sin(¢/2)|* (0 < a < 1).

Let ® be a kernel. The ®-energy of a Borel probability measure y on T is
defined by

o(u) = ([ 2t - wdu(t)dutu).
The ®-capacity of a subset E of T is defined by

Co(E) := sup1/Is(pu),

where the supremum is taken over all Borel probability measures y carried by
E. In particular, E is of positive ®-capacity if and only if it carries a probability
measure of finite ®-energy.

We shall also need some notation from the theory of Banach spaces. Following
Pisier [15, Definition 4.1], we say that a Banach space X is 6-Hilbertian
(0 < 8 < 1) if there exists an interpolation pair (Y, H) of Banach spaces such
that H is a Hilbert space and X = [Y, H]y. Here, [-,]s denotes the standard
complex interpolation method (see, e.g., [1, Chapter 4]).

For example, let 1 < p<2and 1/p+1/¢g=1. Then L? and L9 are both 2/¢-
Hilbertian (just take H = L% and Y = L! or L* respectively). More generally,
a Banach lattice is 2/¢-Hilbertian provided that it is p-convex and g-concave
[15, Theorem 2.3}. Note also that, if a Banach space is 2/¢-Hilbertian, then it
is necessarily of Fourier type p [5, Theorem 7.16].

Once again, the following result is a generalization (and a slight strengthening)
of a theorem of Nikolski for Hilbert spaces [14, p. 239).

THEOREM 1.9: Let 1 < p<2andl/p+1/q=1. Let X be a separable Banach
space which is 2/q-Hilbertian. Let ® be a kernel. Let T be operator on X such
that o,(T) N T is of positive ®-capacity. Then

> B(m) 2T < oo

n>1
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Applying this theorem with the particular kernels @y, &, mentioned above,
we obtain the following corollaries.

COROLLARY 1.10: Assume that X is a separable Hilbert space, and that
op(T) NT is positive logarithmic capacity. Then

> HITM? < oo

n>1
Proof: Positive logarithmic capacity is equivalent to positive ®g-capacity. Also,
®o(n) < 1/n (see [8, p. 40]). The result therefore follows from Theorem 1.9 with
p=gqg=2 1

COROLLARY 1.11: Let 1 < p<2and1l/p+1/qg=1, and let o > 0. Assume
that X is separable and 2/q-Hilbertian, and that o,(T) N T is of Hausdorff
dimension > a. Then

> nlemhal2) 7 < oo,

n>1
Proof: By {8, p. 34, Théoreme I], the fact that o,(T) N T is of Hausdorff
dimension > «a implies that it has positive ®,-capacity. Also, ®,(n) x n®~!
(see [8, p. 40]). Thus the result again follows from Theorem 1.9. 1

Finally, we mention an example relating to the sharpness of Corollary 1.11.
It is expressed in terms of Minkowski dimension, which is in general larger than
Hausdorff dimension, though for many regular sets the two dimensions coincide
(for more details, see [4, Chapters 2, 3]).

Example 1.12: Given « > 0 and a closed subset E of T of upper Minkowski
dimension < a, there exists an operator T on ¢? such that ¢,(T)NT = E and
2onz1 n* T 72 = oo

The rest of the paper is organized as follows. In §2 we take care of certain
measurability questions. The proofs of Theorems 1.1 and 1.2 are presented in
83, and those of Theorems 1.6 and 1.9 are given in §4. The various examples
are constructed in §5. Finally, in §6, we state and prove some analogues of the
results above in the setting of continuous semigroups of operators.

2. Measurability

Our first task is to take care of some measurability problems. We recall some
basic definitions, referring the reader to [11, 16] for further details.
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A subset E of T is universally measurable if it is measurable with respect
to every o-finite Borel measure on T. The universally measurable sets form a
o-algebra, and a function defined on T is said to be universally measurable if it
is measurable with respect to this o-algebra.

A subset E of T is analytic (or Souslin) if there exists a continuous surjection
from a complete separable metric space onto E. Every Borel subset of T is
analytic, and every analytic subset of T is universally measurable (see, e.g.,
[11, Theorem 21.10]).

LEMMA 2.1: Let X be a separable Banach space and let T be an operator on
X. Then o,(T)N T is an analytic subset of T, and there exists a universally
measurable function ¢g: T — X such that
_ _[1, M€op(T)NT,
O Taw = 0en and ol ={g \E2E0T
Proof: Let
Y ={(z,)) € X xT:||z|| = 1, Tz = Az},

and define 7: Y — T by n(z,A) = XA. Then Y is a complete, separable metric
space, 7 is a continuous map, and #(Y) = 6,(T) N T. Therefore 0,(T)NT is an
analytic set.

Furthermore, by von Neumann’s theorem cross-section theorem [16, Theo-
rem 5.5.2], there exists a universally measurable function s: #(Y) — Y such
that 7 o s is the identity on #(Y). Let g be the first coordinate of s. Then
9: 0p(T)NT — X is a universally measurable function such that

Tg(A) =Xg(A) and [lgN)ll=1 (A€ap(T)NT).
We extend g to the whole of T by setting it equal to zero elsewhere. |

Remark: Kaufman [10] has shown that, given any bounded, analytic subset
A of C, there exists an operator T on ¢g such that o,(T) = A. This explains
the presence of analytic sets in the lemma above. Note, however, that if T is
an operator on a reflerive, separable space, then o,(T) is necessarily an F,-set
[13].

3. Proofs of Theorems 1.1 and 1.2

The proofs of Theorems 1.1 and 1.2 are based upon two lemmas. The first of
these is a simple inequality which enshrines the main idea of [7].
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LEMMA 3.1: Let X be a Banach space, let T be an operator on X, let
a,B € 0,(T), and let z,y € X be norm-one eigenvectors corresponding to a, 8
respectively. Then
la® = 8" <2l = yll (n > 1).
Proof: Fix n > 1 and consider ||T"z — T™yl|. On the one hand, we have
IT"z — T"y|| = lla"z — B y|
2 |lo"z — px|| - ||z — 8"y
=la” ~ 8% = 8"l — yll-

On the other hand, evidently
1Tz — T"z|| < IT"|llz - yl|.

The result follows upon combining these two inequalities and noting that
pri<iT). w

LEMMA 3.2: Let X be a separable Banach space, let T be an operator on X,
and let y be a Borel probability measure on T such that u(o,(T)N'T) > 0.
Then, given € > 0, there exists a Borel probability measure v on T such that
v < p and

P)2 > 1= €|T™| (n > 1),

Proof: By Lemma 2.1, there exists a universally measurable function g: T — X
satisfying (1). By Lemma 3.1,

(2) la™ = 57 <2T"|lllg(e) = 9Bl (.8 € op(T)NT, n > 1).

As X is separable, its unit sphere can be covered by a countable set of balls B,
of diameter €¢/2. Reducing e, if necessary, we can suppose that none of these
balls contains 0. The sets g~!(B;) cover 0,(T) N'T, so at least one of them
satisfies p(g~'(B;)) > 0. Fix this j, and define a new Borel measure v on T by

B = MENG(By)
E)==1B))

Then v is probability measure concentrated on g~!(B;), so, using (2), we have

/ / €™ — e du(@)d(@) < T (n > 1).
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On the other hand, for each integer n, we have

/ le™? — e?|du(8)dv (o ‘// (1 - ™= du(0)dv(¢)
=1-|p(n)°.

The result follows. [ |

Proof of Theorem 1.1: Assume that 0,(7) N T is uncountable. Since it is
also an analytic set, it contains a subset homeomorphic to the Cantor set
[16, Theorem 4.3.5], and so it supports a continuous Borel probability measure,
4 say.

We first show that, for each k& > 1, the set

Zy = {n > 1:||T™| < k}

is of density zero. By Lemma 3.2, applied with ¢ = 1/(2k), there exists a
probability measure v <« u such that

[Pm)* > 1/2 (n € Zy).
Since p is continuous, so too is v, and therefore by a theorem of Wiener
[9, p- 42, Corollary],

1 ~
N Z [P(n)> -0 as N = .

It follows immediately that Zj, is of density zero, as claimed.
By definition of density zero, for each k > 1, there exists an integer m; such
that ) )
—card(Zr N [1,m]) < = (m > myg).
— ard(Ze N [Lm]) < ¢ (m > me)

We may suppose that the sequence (my) is strictly increasing. Define

Z:= U (Z N [, Mmg41)).

k>1

Then Z is a set of density zero, and lim ||7"|| = co. This completes the proof.
n¢Z
|

To prove Theorem 1.2, we also need an elementary lemma on tensor products.
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LEMMA 3.3: Let X be a Banach space, let T be an operator on X and let k,l be
positive integers. Let X be the Banach space X with the scalar multiplication
replaced by (\,z) — Az, and let T be the linear operator on X defined by
Tz =Tz (z € X). Let

V=X& - 0XRX®- - X,
the projective tensor product of k copies of X and | copies of X, and let
$=T® - 0TeT® T,
the tensor product of k copies of T and [ copies of T. Then
op(S) D {z1 - 241 - -Wit 21, .., 2k, W1, .., Wy € 0p(T)}
and
1™ = 1T+ (n > 1).
Proof: The statement about o,(S) follows from the observation that, if Tz; =
zjzj (j=1,...,k) and Ty; = wjy; ( =1,...,1), then
S@®--- @ On O Oy
= (Zl"'zkwl"'wl)(lfl ®-'-®xk®y1®~-®yl).

The statement about ||S™|| is standard. ]

Proof of Theorem 1.2: Assume that ||T"|| %4 oo as n — oco. Thus, there exist a
constant M and a strictly increasing sequence of positive integers (n;);>1 such
that ||T™|] < M for all j > 1.

We first show that o,(T) N T is a set of extended uniqueness. Assume the
contrary. Then there exists a positive Rajchman measure p on T such that
w(op(T) N'T) > 0. We may suppose that u is a probability measure. By
Lemma 3.2 applied with € = 1/(2M), there exists a probability measure v < p
such that

P(ns)* > 1/2 (5> 1).

But since p is a Rajchman measure, so too is v [12, p. 77, Lemma 4], i.e.,
v(n) — 0 as |n| — oo. This contradiction shows that ¢,(T) N T is indeed a set
of extended uniqueness.

We now use this to deduce that the group generated by o,(T) N T is also a
set of extended uniqueness. This group is equal to |J kd>1 Ey ;, where

By ={z1- 241 - W 21, ..., 25,01, ..., w € 0p,(T) N T}
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Note that the Ej; are analytic sets, hence universally measurable. It thus
suffices to prove that each Ej ; is a set of extended uniqueness. To do this, fix
k,l, and define Y, S as in Lemma 3.3. Then Y is a separable Banach space, and
S is an operator on Y such that 6,(S)NT D Ey,; and ||S™|| 4 oo as n — oo.
From what we have already proved, 0,(S) N T is a set of extended uniqueness,
and therefore so too is Ey ;, as desired. [ |

Remark: There certainly do exist uncountable analytic subgroups of T which
are sets of extended uniqueness. Examples include the so-called Hz-groups as
described in [6, §4]. Interestingly, some of these same groups occur as the point
spectra of shift operators in ergodic theory. Though the operators in question
act on L*-spaces, which are not separable, perhaps they might eventually be
adapted to construct examples for which ||T7"|| 4 oo in Theorem 1.1.

4. Proofs of Theorems 1.6 and 1.9

The proofs of Theorems 1.6 and 1.9 are based on the following lemma, which
was inspired by ideas from [14].

LEMMA 4.1: Let X be a separable Banach space, let T be an operator on X,
and let u be a Borel probability measure on T such that u(o,(T)NT) > 0. Then
there exists a bounded, universally measurable function h: T — X such that

3) T < ] / h(e“’)e-mf’du(m“ (n>1).

Proof: By Lemma 2.1, there exists a universally measurable function g: T — X
satisfying (1). Let (z,)nez be the sequence of vectors in X defined by

o = / g(e")e=™du(8) (n € T).

We first claim that there exists ng € Z such that z,, # 0. For suppose, to
the contrary, that z, = 0 for all n € Z. Then, given a linear functional v € X*,
we have

0= Y(z) = / Y (g(@®))du(6) (n € 2,

i.e., the Fourier coefficients of the measure 9(g(e%))du() are all zero. It follows
that ¢(g(e*’)) = 0 p-almost everywhere. As X is separable, countably many
¥ suffice to separate points, and so g(e?) = 0 p-almost everywhere. This
contradicts the hypothesis that u(o,(T)N'T) > 0.
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Next, we calculate the action of T on the sequence (z,). By standard
properties of the Bochner integral, together with (1), we have

Tz, = /Tg(ew)e'mod,u(O) = /ewg(ew)e"modu(B) =z, (ne€Z).
In particular, T™(Zp,4n) = Zn, for all n > 1. It follows that

1 Znytnll _ 1
W7 = Nzl H#noll

Define h: T — X by h(e?) := g(e®¥)e "/||z,,||. Then h satisfies the
conclusion of the lemma. |

l / g(e“’)e“”""*”)"du(f?)u (n>1).

Proof of Theorem 1.6: By hypothesis m(o,(T) N'T) > 0, where m denotes
normalized Lebesgue measure on T. Hence, by Lemma 4.1, there exists a
bounded, universally measurable function h: T — X such that

1 , , ~
g < [ e ame)| = o 21
Since X is of Fourier type p and h € LP(T, X ), we have
2 A1 < co.
neZ
The result follows upon combining these inequalities. |
For the proof of Theorem 1.9, we need an analogue of the notion of Fourier
type p for measures p other than Lebesgue measure. We shall prove an inequality
for ‘u-Fourier coefficients’ in terms of Ig(y), the ®-energy of u, which was
defined in §1.
Given a Banach space X (not necessarily separable) and a Borel probability

measure u on T, we write LP(u, X} for the set of all Bochner-integrable functions
f: (T, ) = X such that || f||, < oo, where

Ifllp = { (S1I£(e®)|Pdu(8))/?, 1<p< oo,

esssup,, || f(e?)l, p=oc0.
We first prove an inequality for Hilbert spaces (this is implicit in [14]).

LEMMA 4.2: Let ® be a kernel, and let y1 be a Borel probability measure on T
such that Is(u) < co. Let H be a Hilbert space, and let f € L>(u, H). Then

> %(n)

neEZ

2
< To (W1 117 1y -

[ e maue)
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Proof: Suppose first that ) ., ®(n) < co. Writing (-, -} for the inner product
on H, we have

> &(n)

neZ

2

/ f(e®)e im0 du(9)

= L0 [ 1) aud), [ re)eaute))

nez

=Y &) / / (F(€9), F(e9))e O~ du(8)duu(9)

ne€Z

- / / (F(€?), £(e))B(6 — 0)duu(6)du(4)
< W oo g,y T (1)

The general case follows by approximating @, exactly as in [8, p. 35, Proposi-
tion 3]. [ |

We extend this to more general Banach spaces using interpolation.

LEMMA 4.3: Let ® be a kernel, and let i1 be a Borel probability measure on T
such that Is(p) < 00. Let 1 <p<2and1/p+1/q¢=1, and let X be a Banach
space which is 2/q-Hilbertian. Let f € L (u, X). Then

Z ®(n)1/?

neZ

q
< sup @(n)q/Z_IIQ(H)l/Q||f||%m(u,x)'
nez

/ F(€)e 0 du(9)

Proof: By hypothesis, X = [Y, H]y/,, where H is a Hilbert space and Y is a
Banach space.

Given a vector-valued, Bochner-integrable function f on (T,u), let R(f)
denote the sequence of vectors

R = (307 [ feeaue))

nez

Clearly, R is a bounded linear map from L*(p,Y) to £*°(Z,Y) with

IR: L(n,Y) > £2(@, V)| < sup &(n)'/2.
n

Further, by Lemma 4.2, R is a bounded linear map from L*(u, H) to ¢2(Z, H)
with
IR: L% (u, H) = (2, H)|| < Ta ()",
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By the interpolation theorem [1, Theorem 4.1.2], it follows that R is also a
bounded linear map from [L%(,Y), L%(u, H)]z/q to [(°(Z,Y), (3(Z, H)]2/q,
with norm at most

sup B(n)' /279 g (u)!/9.

nE€Z
Now X = [Y, H]y/q, so it follows from the definition of the complex interpolation
method that L (u, X) C [L*®(u,Y), L>(u, H)]s/4, the inclusion being an isom-
etry. Also, by [1, Theorem 5.1.2], we have [(*(Z,Y),(*(Z, H))3;, = /(Z, X),
with equality of norms. Hence, R is a bounded linear map from L*(u, X) to
(UZ, X) with

IIR: L (1, X) = €9(Z, X)|| < sup () />~ ().
nez

This completes the proof. [

Proof of Theorem 1.9: Since 0,(T) N T is of positive $-capacity, there exists a
Borel probability measure p on 0,(T)NT such that Is(u) < co. By Lemma 4.1,
there exists a bounded, universally measurable function A: T — X such that

||1}n|| < "/h(ei")e‘i”"du(e)‘\ (n>1).

As X is separable, h € L*>(u, X), so by Lemma 4.3,

q
> o(n)? / h(e®)e ™ du@)| < .
nezZ

The result follows upon combining these inequalities. |

5. Construction of the examples

To construct Example 1.5, we need the following elementary lemma. A sequence
(W)n>1 is called submultiplicative if w4, < wpwy, for all m,n > 1.

LEMMA 5.1: Let (y)n>1 be a sequence such that v, > 1 for all n and lim,_, 7
= oo. Then there exists a submultiplicative sequence (wn)n>1 such that
Wn < Yy, for all n and limy, e, Wy = 00.

Proof: Define

Wy = min{Yp, - Ynpi1 + -+ 0 =n} (n>1).



106 T. RANSFORD Isr. J. Math.

Clearly (wp) is submultiplicative and w,, < +, for all n. It remains to show that
lim,, 0o wy, = c0. For this, observe that if n; + -+ + ng = n and n > m?, then
either k£ > m or max;<;j<xn; > m. Hence

. S min(mi m S 1),
uin, wn 2 mm(gﬁ Yn, (glzlrlwn) ) (m2>1)

The right-hand side tends to infinity as m — oo, hence so too does the left-hand
side. ]

Construction of Example 1.5: Let (wn)n>1 be the sequence furnished by
Lemma 5.1, and extend it to n = 0 by defining wy = 1. Let (X, || - ||) be the
Banach space defined by

X = {(zn)n>0t Tafwn = 0}, [[(zn)] := sup |zn|/wn.
n>0

If S denotes the left shift, then S is a bounded operator on X with ||S"|| = w,, <
Y (n > 1). Also, for each X € T, the vector x = (1, A, A2,...) is an eigenvector
of S with eigenvalue A, so 0,(S)NT = T. Finally, we remark that the space X
is isometrically isomorphic to cg, so S is similar to an operator T on ¢y with the
required properties. [ |

For Example 1.7, we need an ¢%-analogue of Lemma 5.1.

LEMMA 5.2: Let ¢ > 1 and let (Y)n>1 be a sequence such that v, > 1 for all
n and ), ¥,9 < oo. Then there is a submultiplicative sequence (wn)n>1 such
that wy, <y, for alln and ), w,;? < c0.

Proof: Define w,, as in the proof of Lemma 5.1. All that remains to be shown
is that ), w;9 < oo. For this, note that

wpt=max{y,? - ypling g =np< Y el

nit-+np=n

Hence
Z wy ! < H(l - ’Yl_q)_l,
n>1 >1
and the infinite product converges because ), 7,9 < co. 1

Construction of Example 1.7: 'We repeat the construction of Example 1.5, with
(wn)n>1 now given by Lemma 5.2, wo = 1, and

> |xn|q/wg>1/q < oo}.

n>0

X i= { @n)oss 2] = (
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The left shift S still satisfies ||S”|| = wp < ¥n (n > 1) and 0,(S)NT =T. As
X is isometrically isomorphic to #9, the operator S is similar to an operator T
on {9 with the required properties. |

For the remaining two examples, we need the following result from [2]. Given
a subset E of T, we write E; for the set of points of T whose arclength distance
from E is at most d, and |E;| for the Lebesgue measure of this set.

LEMMA 5.3 ({2, Theorem 1.2]): Let E be a closed subset of T and let (n,,) be
a positive sequence such that lim,_,o, 1, = 00. Then there exists an operator
T on ¢? such that 0,(T) = E and

Dl BunllT P =00, W
n

Construction of Example 1.8: If E is a closed subset of T of Lebesgue mea-
sure zero, then |E;,,| = 0 as n — oo. Consequently, we can take 5, :=
1/|Ey /5| in Lemma 5.3 to obtain an operator T on ¢2 such that ¢,(T) = E and
ST =0, W

Construction of Example 1.12: Choose o < « such that the upper Minkowski
dimension of E is less than o'. By [4, Proposition 3.2], we have |E;/,| =
O(n"‘"l) as n — oco. Taking n, = n®=% in Lemma 5.3, we obtain an operator
T on ¢2 such that 0,(T) = E and 3, n®~||T"|| 72 = co. [

6. Continuous semigroups of operators

As often happens, our results on operator powers (I™),>; have analogues for
continuous semigroups of operators (T3);>0. In this instance, the continuous
versions are actually a direct consequence of the discrete versions. The purpose
of this section is to outline the details.

We begin recalling some standard definitions. Let X be a complex Banach
space. A family of bounded operators (T;);>0 on X is called a Cy-semigroup
if

e To=1I,
o T,T, = Tsyy for all s,£> 0, and
o lim; ,o+ ||[Tiz —z||=0forall z € X.

The map (t,z) = Tiz: [0,00) x X — X is then continuous, and there exist

constants M, w such that ||T3|| < Me*t (¢ > 0).
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The generator of the Cy-semigroup (T%)¢>o is the map A: D(A) — X defined
by

. e Tix—z
D(A) := {:l: € X: th(1)1+ ; exzsts},
. Tix—2
Az =1 D(A)).
z:= lim (z € D(A4))

The generator A is always a closed, densely defined operator. It generates the
semigroup in the sense that T; = e*“ (¢ > 0) (appropriately interpreted). Also,
op(Ty) \ {0} = exp(top(A)) (t > 0). In particular, this implies that

4) op(T1) NT = exp(o,(A) NiR).

For further details we refer to [3], for example.
All of the theorems that follow depend on one very simple fact. We write [t]
for the smallest integer n such that n > ¢.

LEMMA 6.1: Let (T3)i>0 be a Co-semigroup. Set C = sup¢o 1] |Ts|l- Then

(5) IT > T (> 0),
Proof: Write t = [t] — s, where s € [0,1). Then

1T = 1Tl = | Torell < ITSMIT < CUTLL.

Our first result is a Cy-semigroup analogue of Theorem 1.1. Let us say that
a Borel subset Z of Rt is of Lebesgue density zero if |ZN[0,¢]|/t = 0 as
t — oo.

THEOREM 6.2: Let X be a separable Banach space, and let (I;);>0 be a
Co-semigroup on X with generator A such that o,(A) N iR is uncountable.
Then there exists a subset Z of Rt of Lebesgue density zero such that

lim |73 = oo.

¢z
Proof: From (4) it follows that o,(T1) N T is uncountable. Hence, by
Theorem 1.1, there exists a set Z’ of positive integers such that Z’ is of density
zero and ||| = oo asn — oo, n ¢ Z'. Set Z := |J,ez(n — 1,n]. Then Z
is of Lebesgue density zero and, thanks to (5), we have ||T3]| — o0 as t — oo,
t¢ Z. |

Next, we prove an analogue of Theorem 1.2.
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THEOREM 6.3: Let X be a separable Banach space, and let (T)i>0 be a
Co-semigroup on X with generator A. If ||T}|| / oo ast — oo, then o,(A) NIR
is contained in a proper subgroup of iR.

Proof: Assume that ||T}|| /4 oo as t = 00. From Lemma 6.1, it follows that
[I77] /& o0 as n = 0. By Theorem 1.2, 0,(T) N'T is contained in a proper
subgroup of T. Using (4), this implies that o,(A) N4R is contained in a proper
subgroup of iR. |

The following result is an analogue of Theorem 1.6.

THEOREM 6.4: Let 1 < p<2andl/p+1/g=1. Let X be a separable Banach
space of Fourier type p. Let (I;):>0 be a Cp-semigroup on X with generator A,
and suppose that 0,(A) NiR is of positive Lebesgue measure. Then

/ IT,||~7dt < oo.
4]

Proof: From (4), we see that 0,(T)NT is of positive Lebesgue measure. Hence,
by Theorem 1.6, we have > ||T7*||7¢ < co. Using (5), it follows that

o0 ¥
/ ITed = Y / Tt < SO < oo B
0 n—1 '

n>1 n>1

Finally, here are Cp-semigroup versions of Corollaries 1.10 and 1.11. The
proofs are entirely analogous to that of Theorem 6.4, and are therefore omitted.

THEOREM 6.5: Let X be a separable Hilbert space. Let (T;)i>o be a Co-
semigroup on X with generator A, and suppose that o,(A) N iR is of positive
logarithmic capacity. Then

o0
/t_llth|]_2dt<oo. [
1

THEOREM 6.6: Let l < p<2and1l/p+1/g=1, andlet &« > 0. Let X be a
separable Banach space which is 2/q-Hilbertian. Let (Tt);>0 be a Co-semigroup
on X with generator A, and suppose that 0,(A) NiR is of Hausdorff dimension
> a. Then

o0
/ DY)~ 9dt < 00. W
1
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